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{iLi' Abstract 

(D : 

,^ ■ We consider fixing the bosonic light-cone gauge for string in AdS space in the 

phase space framework, i.e. by choosing x^ = r, and by choosing a so that 
P"*" is distributed uniformly (its density V^ is independent of a). We discuss 
classical bosonic string in AdS^ and superstring in AdS^ x S^. In the latter case 
the starting point is the action found in hep-th/0007036 where the K-symmetry is 
fixed by a fermionic light-cone type gauge. We derive the light-cone Hamiltonian 
in the AdS^ x S^ case and in the case of superstring in AdS^ x S^. We also obtain 
a realization of the generators of the basic superalgebra psu{2,2\4:) in terms of 
AdS^ X S^ superstring coordinate 2-d fields in the light-cone gauge. 
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1 Introduction 

To better understand string theory duals of gauge theories with various amounts of 
super symmetry [1] it is important to make progress in what should be the simplest case 
- (large N) J\f=4 Super Yang-Mills theory dual to (weakly coupled) type JIB superstring 
theory in AdS^ x S^ space with Ramond-Ramond flux [2]. Though this background has 
a lot of symmetry, solving the corresponding string theory appears to be a complicated 
problem. The commonly used procedure, in the known exactly solvable cases, is to start 
with a string action, solve the classical string equations, then quantize the theory, find 
the string spectrum, vertex operators, scattering amplitudes, etc. Even the first steps in 
this program are nontrivial in the AdS^ x S^ string case. 

To start with, the classical equations of bosonic string in AdS space, while com- 
pletely integrable, are not explicitly solvable (in contrast to, e.g., the case of string 
on a group manifold described by the WZW model). The presence of a curved R-R 
background indicates that one should use the manifestly supersymmetric Green-Schwarz 
[3] description of superstring. Finding an explicit expression for the curved space GS 
action is difficult in general (one needs to know the component expansion of the back- 
ground supergravity superfields). In the present AdS^ x S^ case, this technical prob- 
lem has a nice geometrical solution based on viewing string as moving on the super- 
coset PS't/(2, 2|4)/[S'0(1,4) x 5*0(5)] which replaces the flat superspace (10-d super 
Poincare)/S'0(l, 9) [4]. The resulting action, though explicitly known [4-6], is highly 
nonlinear containing terms of many orders in 6. The fermionic part of the action sim- 
plifies dramatically in proper K-symmetry gauges - it becomes quadratic and quartic in 
6 only [7-9]. Its structure is similar to that of the fiat space GS action in a covariant 
K-symmetry gauge which is also quartic in fermions (see e.g. [10]). 

1 . 1 Review 

To illustrate this point, let us consider the 4-d Lorentz covariant "S-gauge" [11] which 
leads to an action equivalent to the one in [7, 8] but uses the fermionic parametrization 
adopted in [11] and here, which is useful for comparison with the light-cone gauge actions 
below (see Appendix C of [11] for details). If one interprets the AdS^ x S^ supergroup 
PSU{2,2\4) as the A/" = 4 superconformal group in 4 dimensions, it is natural to split 
the fermionic generators into 4 standard supergenerators Qi and 4 special conformal 
supergenerators Si (we suppress the 4-d spinor indices). The associated superstring 
coordinates will be denoted as 6i and r/j. The covariant "S-gauge" corresponds to setting 
all 7]i to zero. The resulting superstring Lagrangian written in the "4-|-6" parametrization 
in which the metric of AdS^ x S^ is ds^ = Y^dx^dx" + Y~^dY^dY^ (a = 0, ..., 3; M = 
1, ...,6) has the following simple structure [11]^ 



1 

2^ 



L = --^g^'iY^LlLl + F-29^F^9,F^) - {it^^d^Y^'O'^pf^d^Bi + h.c.) , (1.1) 



l; = d^x'' - Cio^^^ay^d^ei + h.c.) , 



^The actions in [7, 8] have an isomorphic form, corresponding to a specific choice of the 10-d Dirac 
matrix representation. 



where a, b are the s/(2,C) (4-d spinor) indices and 91^ = —9\, 6p = 6^^. The a"- are 4 
Pauh matrices (off-diagonal blocks of 4-d Dirac matrices in Weyl representation), and 
the p^ are similar off-diagonal blocks of 5*0(6) Dirac matrices in chiral representation 
(see Appendix A). As in most of the discussion below we set the radius R of AdS^ and 
S^ to 1. 

This covariant /t-symmetry gauge fixed action is well-defined and useful for developing 
perturbation theory near classical "long" string configurations ending at the boundary of 
AdS^ [9, 12, 13], e.g., the ones appearing in the Wilson loop computations [14]. However, 
the kinetic term of the fermions which has the structure dxddd is degenerate for "short" 
strings [9], and thus this action is not directly applicable for computing the spectrum of 
closed string in the bulk of AdS^ x S^ . 

In order to avoid this degeneracy problem, it is natural to try to follow the same 
approach which worked remarkably well in flat space [3,16]: (i) find a light-cone type 
K-symmetry gauge in which the fermion kinetic term becomes dx^6d6, i.e. it involves 
only one combination x~^ of 4-d coordinates, and then (ii) choose the light-cone bosonic 
gauge x'^ = T. 

In the previous paper [11] it was shown how the light-cone type /t-symmetry gauge 
can be fixed in the original action of [4] so that the resulting action has indeed the 
required form.^ In contrast to the Lorentz covariant "S-gauge" where 16 fermions r]i are 
set equal to zero, the light-cone gauge used in [11] corresponds to setting to zero "half 
of the 16 6i and "half of the 16 rji ("half is defined with respect to 5*0(1, 1) rotations in 
light-cone directions). The remaining fermions are again denoted by 6i,r]i, but now they 
are simply 4+4 complex anticommuting variables carrying no extra Lorentz indices. For 
comparison, the fiat space GS action in the light-cone gauge [T'^'d = 0) [16], written in 
a similar parametrization of the 16 fermionic coordinates, has the following form [11] 



'^ = -\V9d''x%x^ - []^^d^x+{e,d,e' + r^^d^r^') - e^^^d^x+ri^C'^p^e^ + h.c. 



;i.2) 



where x^ are 10 fiat bosonic coordinates and C[j is a constant charge conjugation matrix. 
Note that while the ^'s and ?7's enter diagonally in the kinetic term, they are mixed in 
the WZ term. This form of the original GS action is the fiat space limit of the light-cone 
AdS^ X S^ action of [11] (cf. (1.1)) 



-C = -^g^''Y\d^x^d,x- + d^xd,x) + -Y-^D;f'''D,Y 
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^g^^'Y^d^x^ Q'd.Bi + Bid J' + ^d^i], + i],d,ri' + \Y''d,x^{if) 



e^"'\Y\d^x+r]'pf^Y^\d,e^ - iV2\Y \r]' d,x) + h.c. 



;i.3) 



D,F^ ^ 9,F^ + ir^.(p^^)^r^^F^F^9, 



X 



Here we split the 4-d coordinates as x" = (x^, x ,x,x), and the matrix p^ is the same 
as in (1.1) {p^^ is the commutator of p^' and its conjugate, see Appendix A). 

^For a different approach to light-cone type K-symmetry gauge fixing in the AdS5 x S^ string action 
see [f5]. 



This action contains x~ only in the bosonic part and only linearly, and the fermionic 
kinetic terms are multiplied by the derivative of x'^ only. One expects, therefore, that 
after one fixes the bosonic light-cone gauge, it should lead to a well defined starting point 
for quantizing the theory in the "short" string sector. As was pointed out in [11, 17, 18] 
(see also Section 2), in the case of the AdS type curved spaces, the bosonic light-cone 
gauge x^ = r in the Polyakov string action can not be combined with the standard 
conformal gauge ^/gg^^ = f]^'^: one needs to impose a condition on g^^, that breaks the 
2-d Lorentz symmetry and leads to a rather non-standard string action, with all terms 
coupled to the radial function = log Y of AdS^ space. 

1.2 Suminary 

The absence of manifest 2-d Lorentz symmetry suggests that it is natural to use the phase 
space formulation of the light-cone gauge fixed theory. To develop such a formulation 
is the aim of the present paper. We shall explain how the original phase space GGRT 
approach [19] to light-cone gauge fixing {x^ = r, V~^ = 1) can be directly applied to the 
present case of a curved background. 

Most of our discussion will be rather formal, with possible applications depending 
on insights into the structure of the resulting AdSr, x S^ string light-cone Hamiltonian. 
To summarize, the light-cone phase space Lagrangian, corresponding to (1.3) that we 
obtain below, is given by (see (C.5)) 

c = v^x^ + VmY^ + ^v'-io'o, + v% + o^e^ + v^f,') + v- , (1.4) 

where V±,Vm are the canonical momenta for x± = {x,x) and Y^, and the light-cone 
Hamiltonian density is 



n = -v- 



1 



2p^ 



Vl + \Y\'VMVM + \Y\'xl+Y^Y^+Y\p-^\r]y+2ip^r]p^''r]YMV 



N 



\Y\r]'pf^Y^{e^ - iV2\Y\r]^x) + h.c] . (1.5) 

As usual for light-cone string, the coordinate x~ does not appear in the Hamiltonian, 
but is determined in terms of the coordinates that do appear via the reparametrization 
constraint 

p+i- + v±xs_ + VmY^ + '-p+ie'e, + r]% + e,e' + r]^ij') = o . (i.e) 

For a closed piece of string, the integral of this constraint over a constrains the state 
space to the subspace invariant under a translations. 

Restoring the dependence on a' and the scale R of AdS^ x S^ one can then analyze 
various limits, e.g., (i) particle theory hmit {a' — * 0), (ii) null string limit {a' -^ oo), ^ 
(iii) AdS^ X S^ supergravity or strong 't Hooft coupling SYM limit {a' / B? — > 0), (vi) 
weak 't Hooft coupling SYM limit {a' / R^ -^ oo). In the particle theory limit, the string 

^As in the flat space case [20], the null string limit is obtained by dropping terms with derivatives 
with respect to the world sheet coordinate a. 



Hamiltonian (1.5) reduces to the light-cone Hamiltonian for a superparticle in AdS^ x S^ 
found in [36] . This implies that the "massless" (zero-mode) spectrum of the superstring 
coincides indeed with the spectrum of type IIB supergravity compactified on 5*^! 

Further progress depends on the possibihty of making a transformation to some 
new variables which may allow one to solve for the string theory spectrum. It would 
also be interesting to make connections to other related ideas and approaches in the 
literature, such as the one in [21]. For example, introducing twistor-like variables in 
the present AdS^ x S^ context may turn out to be useful (see [24, 25] for some previous 
discussions of twistors in AdS space) .^ Another potentially promising direction is to 
apply the methods of integrable systems. It was demonstrated in [26-28] that the set 
of the classical equations of bosonic string in AdS geometry can be interpreted as a 
completely integrable system (for related discussions see also [29,30]). The integrability 
property should be true also for the full system of the classical equations of AdS^ x S^ 
superstring. It should be crucial to include the fermions from the beginning since their 
coupling to the AdS^ and S^ sets of bosons via the R-R interaction terms insures the 
conformal invariance of the 2-d string theory at the quantum level [4] . Finally, knowing 
the light-cone description of string in AdS space-time provides string theory guidance 
for identifying the dynamics that should emerge from the "brute force" approach to a 
field theory/string duality based on directly summing the planar diagrams of 't Hooft's 
large Nc limit [31]. This program is most definitively carried out using a light-cone 
parametrization [32-34], so its comparison to the results of the present paper should be 
particularly instructive. For example, there should be a more or less direct link to the 
fishnet diagrams [35] in the strong 't Hooft coupling limit [32,34]. 

The rest of the paper is organized as follows. We start with the example of the 
classical bosonic string in AdS-tjpe space in Section 2. We illustrate our phase-space 
approach to fixing the light-cone gauge by deriving the light-cone Hamiltonian for the 
bosonic string in AdS^ space with NS-NS flux described by SL{2, R) WZW model. In 
Section 3 we show how some known properties of the classical "long" bosonic string 
solutions can be directly understood in the light-cone Hamiltonian framework of Section 
2. In Section 4 we review the light-cone Hamiltonian description of a superparticle in 
AdS^ X S^ developed in [36] , which is the zero slope limit of the string theory case. In 
Section 5 we derive the phase space analog of the AdSr, x S^ superstring Lagrangian 
of [11] and the corresponding light-cone gauge Hamiltonian. There we use the form of 
the action based on the "5-1-5" parametrization of AdS^ x S^, while the light-cone phase 
space counterpart (1.4), (1.5) of the action (1.3) is given in Appendix C. As an aside, we 
also present the light-cone Hamiltonian for superstring in AdS^ x S^ with a R-R 3-form 
background. In Section 6 we obtain a realization of the generators of the basic symmetry 
superalgebra psu{2,2\A) as Noether charges expressed in terms of 2-d fields which are 
the coordinates of the AdS^ x S^ superstring in the light-cone gauge. 

We collect various technical details in four appendices. In Appendix A we summarize 
the notation used in this paper. In Appendix B we describe some relations between two 
different "5-1-5" parametrizations of S^ (in terms of 5 Cartesian coordinates and in terms 

^Twistors are very helpful in the construction of the theory of interacting massless higher spin fields 
in AdS space [22,23], which has certain similarities with string theory. 



of unit 6-d vector) which are useful for translation between the corresponding forms of the 
AdS^ X S^ superstring action. In Appendix C we review the two forms of the /t-symmetry 
light-cone gauge fixed action which use the "4+6" parametrizations of AdS^ x S^ [11] 
and write down the corresponding phase space Lagrangians. In Appendix D we present 
some details of the construction of conformal supercharges in Section 6. 

2 Bosonic string in curved space: light-cone gauge 
approach 

Let us start with a review of some previous discussions of light-cone gauge fixing for 
bosonic strings in curved space. In flat space in BDHP formulation [37, 38] one starts by 
fixing the conformal gauge 

7'^'' = r/^^ r^^Vag'", 9^-detg^% detT^^'^ = -1 , (2.1) 

and then fixes the residual conformal diffeomorphism symmetry on the plane by choos- 
ing x^{t,(t) = T.^ An alternative (equivalent) approach is to use the original GGRT 
[19] formulation based on writing the Nambu action in the first order form and fixing 
the diffeomorphisms by the two conditions - on one coordinate and on one canonical 
momentum: 

x+ = r , P+ = const . (2.2) 

The obvious requirement for being able to choose the light-cone gauge in a curved space 
is the existence of a null Killing vector. The first approach based on fixing the conformal 
gauge for the 2-d metric does not in general apply in curved spaces with null Killing 
vectors which are not of the direct product form R^'^ x Af^"^. The exception is the case 
when the null Killing vector is covariantly constant [40]. One is thus forced to give up 
the standard conformal gauge (2.1) and fix the diffeomorphisms by imposing instead, 
e.g., 7°*^ = —1, x^ = T. This gauge choice is consistent provided the background metric 

satisfies G^.. = 1,6" = G'_^ = 0, d^Gmn = [17]. 

The above conditions do not apply in the case of the ArfS'-type metric {x_[_ stands for 
all rf — 3 transverse coordinates) : 

ds^ = G'(0)rfa;"rfx" + rf0^ = G(0)(-rft^ + dxl + dxl) + d(f)^ . (2.3) 

Indeed, the two null Killing vectors here are not covariantly constant and also G-i— = 
G{(j)) 7^ 1. However, a slight modification of the above gauge conditions of [17] on 7°°, x~^ 
represents a consistent gauge choice [11]^ 

G(0)7oo = -1 , x+ = T . (2.4) 

There is a potential complication that the norm of the Killing vector may vanish if there is 
a horizon where G = 0. We shall adopt a formal approach, assuming that the degeneracy 

^For a discussion of various ways of fixing the light-cone gauge in the case of flat target space see, 
e.g., [39]. 

^A closely related light-cone gauge choice 7^"^ — diag(— G^^, G), x^ ^ t was originally suggested by 
A. Polyakov [18]. 



of the light-cone description reflected in the G ^ singularity of the resulting light-cone 
gauge fixed action should have some physical resolution, e.g., the form of the light-cone 
Hamiltonian may suggest how the wave functions should be defined in this region. 

The case of (2.3) with G = e^*^ corresponds to the AdS space in a Poincare coordinate 
patch. One needs to use the Poincare coordinates to have a null isometry in the bulk 
and at the boundary (the boundary should have i?^'^ topology).^ The AdS/CFT duality 
suggests that since the boundary SYM theory in i?^'^ has a well-defined light-cone gauge 
description [43], it should be possible to fix some analog of a light-cone gauge for the 
dual string theory as well. This is the motivation behind our light-cone gauge fixing 
approach, in spite of the fact that there is no globally well-defined null Killing vector in 
AdS space (its norm proportional to e^'l' vanishes at the horizon = — oo of the Poincare 
patch). ^ 

Some further comments on the coordinate space BDHP approach using (2.4) may be 
found in [11]. Here we shall follow the phase space GGRT approach [19] based on fixing 
the diffeomorphisms in curved space by the same gauge (2.2) as in flat space. Starting 
with the string Lagrangian corresponding to (2.3) (we set 27ra' = 1) 
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d^x-d^x^ + G-\<l))d^<l)d,<p\ , h^-" = Y'Gif/)) , (2.5) 



we get the canonical momenta for x" = (x"*", x , X"*") and (dot and prime are derivatives 
over r and a, see Appendix A for definitions) 

Va = -h^^Xa - h^^Xa , U = -h^^G'^^ - h^^ G'^ . (2.6) 

The phase space Lagrangian is then 

c = x±v± + 0n + x^v~ + x-p+ 



+ 



1 



2/100 



{Vi + 2V+V-) + G\ct>){xl + 2i+i-) + G'(0)(n2 + 02) 



+ T5^(i±P±+0n + i+P" + i-p+) , (2.7) 

where l//i°° and h^^/h^^ play the role of the Lagrange multipliers. As in fiat space, x~^ 
is a natural choice for the evolution parameter.^ This suggests choosing the light-cone 
gauge as in (2.2) 



X 



p+ = P+/-1 = const . (2.^ 



''The Poincare parametrization was used in the Ught-cone formulation of field dynamics in AdS 
spacetime [41,42]. 

^This subtlety and the issue of fixing a global diffeomorphism gauge for AdS string was discussed in 
[44]. 

^In [41, 42] it was demonstrated that in field theory in AdS space in Poincare coordinates x+ can be 
treated as a light-cone evolution parameter. Therefore, it is reasonable to consider x^ as a light-cone 
evolution parameter in AdS string theory too. 



For flexibility, we introduced the length / of the string parameter a. I may be chosen to 
be equal to p"*" (which is useful in the study of interactions) or to VSvra;' = 1 (which is 
useful in the study of the spectrum). In Section 3 we shall set I = p'^, while in Sections 
4-6 we shall use 1 = 1. To transform the expressions in Sections 4-6 into the "/ = p"*"" 
scheme {V^ = 1) one is simply to put p~^ = 1 in the Lagrangian and Hamiltonian 
densities. 

Integrating over V^ we get the relation 

/^oo = -P+/-1 . (2.9) 

Note that this is equivalent (for / = p'^) to the gauge condition on the 2-d metric in 
(2.4). The expression for V~ follows from the 1/h^^ constraint. Integration over the 
non-constant part of h^^ /h^^ leads to 

p+r^x- +x±V± + (j)U = , (2.10) 

and integration over its constant part gives 

rl 

da{x±V± + (l)U) = . (2.11) 



The resulting light-cone Hamiltonian is given (up to the sign, H = —P^ = — J daV~) 
by 

^ ^' ■ [pi + G2(0)ii + G'((/.)(n2 + 02J (2.12) 



P- = / da 

2p+ Jo 

Note that the equation for x~ implies that {h^^ /h^^)' = 0. Since it also implies /i"^ = 
at open string ends, it follows that /i"^ = in the case of open string. But we can only 
conclude that h^^ =const in the case of closed string. This constant Lagrange multiplier 
imposes the integrated diffeomorphism constraint (2.11), necessary for consistency in the 
closed string case. 

Let us note that fixing the light-cone gauge in the action, before obtaining the equa- 
tions of motion, results in lost equations of motion which would be obtained by varying 
x~^ and V^ . It is easy to check that these equations (obtained before gauge fixing) 
determine x~ and V^ , the time derivatives of variables that have been eliminated by 
the diffeomorphism constraints. Indeed, the expressions they give for V~ and d(jX~ are 
equivalent to ones obtained by differentiating the constraints with respect to time. Thus 
the only new information contained in the lost equations is information about the zero 
mode of x~ , namely, /q dcrx^ = -q"-P • Since x~ does not enter the gauge-fixed Hamilto- 
nian this new information is unnecessary for subsequent analysis of the dynamics of the 
system. 

The bosonic string in AdS space is not consistent (conformally invariant) at the 
quantum level. To make it conformally invariant one may add extra couplings to an 
NS-NS 3-form background or add fermions and consider superstring coupled to an R-R 
background. The simplest example is bosonic string propagating on the SL{2, R) group 
manifold described by the WZW model. It is instructive to demonstrate how the phase 
space light-cone gauge approach described above applies in this case. In the standard 



Gauss parametrization, the Lagrangian of the SL{2, R) WZW model is the same as (2.5) 
(with G = e^'^) plus a WZ term 

^ = -^g^'^ie^^d^x+d.x- + ]^d^(t>dA) + e^'^e^'^S^a;^^,^- . (2.13) 

The corresponding phase space Lagrangian is found to be {h^^ = ^g'^'^e'^'^) 

1 
2h^ 



C = V+x- +V~x+ + Ii^ + -^\2V+V- + e^'^{2V-x+ -2V^x- + 11^ + ^'^) 



+ T7^{V^x' + V'x+ + Ii<P) . (2.14) 

Compared to the AdSd model (2.7) in the present d = 3 case there is no transverse 
degrees of freedom, and because of the WZ coupling the Lagrangian (2.14) does not 
contain x^x~ term. Fixing the light-cone gauge as in (2.8) and integrating over V~ 
(getting again (2.9)) we find (/ = 1) 

2<j, ^ VQI 

£ = n0 - -^(n^ + 02) + e2<^^- _ ''(p+i- + n0) . (2.15) 

Using the expression for x~ which is implied by the constraint we can rewrite this 
Lagrangian as 

£ = n0 + p--^(p+i- + n0) , (2.16) 

p+ 

where the (minus) Hamiltonian density is 

p- = -^(n + 0)2. (2.17) 

This is to be compared with the pure metric case (2.12) which for the AdS-^ gives 

g2</. 

V- = - — {U^ + ct>^) . (2.18) 

3 Some classical string solutions 

To illustrate the utility of the bosonic light-cone Hamiltonian derived in Section 2, we 
shall demonstrate how the (classical) discussion of the simplest Wilson loops in AdS^ x 
S^ (straight line and parallel lines) given in [14] can be phrased in the present light- 
cone gauge setting. Since we shall consider only the classical string approximation it is 
sufficient to ignore the fermions, i.e. to start with the bosonic light-cone Hamiltonian 
(2.12) (here we set / = p"*") 



1 /"P^ 



H = - da 

2 Jo 

where 4-f^ = R^Tq = R^ /2-Ka' . 



Pi + e^^/^il + e<^/''(H2 + 02)1 ^ (3^^) 



3.1 Straight string: isolated "quark" source 

A quark source is represented as a static open string stretched from the horizon = — oo 
to the boundary = +oo of AdS space. For static solutions, V± = 11 = and the 
classical equations reduce to those extremizing the Hamiltonian: 

(3.2) 
(3.3) 



(e^'^/'^i^)' = 


= 0, 


7 27 


= . 


The first equation implies 





x± 



T^e-^'*''^ , (3.4) 



where Tj_ is an integration constant. Note that for static solutions, the constraint (2.10), 
i.e. —x~ = x±V± + 0n, implies that there is no extension in x^. For an isolated quark, 
we also want no extension in x±, so, in this case, we have T± = 0. 
If we define p = e'^^"', the second equation (3.3) implies 



'2 T-i' 

P , T_ 

2p 2-f^p 



+ TTrh = C ' (3-5) 



where C is a constant of integration. The left hand side is 1/7^ times the density of P^ , 
so we may identify C = p~ /'-f'^p'^. For Tj_ = 0, one can trivially integrate the equation 
to determine 



27 V p^ 



VP = ^,/&. (3.6) 



where we have fixed the integration constant so that the end at cr = is on the horizon 
(p = 0). The other end is at o" = p"*', so we find 



rUg = ^2\p+p I = 27^pmax • (3.7) 

If that end reaches the boundary, Pmax -^ 00, implying an infinite mass for the quark 
source, to be expected for a point charge. 

3.2 String ending on the boundary: "quark-ant iquark" source 
at separation L 

A quark- ant iquark source corresponds to an open string with both ends on the boundary 
separated by the distance L. In this case Tj_ 7^ and there is a minimum value pmin > 
of p for an interior point of the string. For reasons of symmetry we shift the a range to 
mark this point by a = 0: — p^/2 < a < p^/2. pmin occurs at the point where p = 0, so 
C = T2/272pLn- Thus we have 

T±p 



^qq = \/2b+P I = • (3.^ 



The separation between the ends of string is obtained by integrating x±: 

27 /•Pmax/Pn.in dx ^1 1(3/4)1(1/2) 



(3.9) 



yPmin •'I Y^\/y — 1/X yPmin -^ \^l^) 

where the last form is the hmit as Pmax -^ oo. Similarly, we obtain o" as a function of p 
by direct integration leading to 

2 ^^ -^1 V'x - 1/x ' 

y /'Pmax/pmin (JV' 

^' Vx - 1/x 
r('3/4)r('i/2) 

^ 47^^:1:^- 47 v^;- ^ ^^l^Y ' (3-11) 

where the last form gives the no n- vanishing terms of the behavior as Pmax -^ oo. We 
finally eliminate Pmin in favor of L to reach the final result: 

1672r(3/4)2r(l/2)2 



2\p+p I -^ 47^pmax - 



L r(l/4) 



2 



472 (27r)3 
= 477^;;:-^^;^. (3.12) 

To compare with the known result [14], recall that 47^ = R^Tq = R^ /2Txa' = vA/27r, 
where A is the 't Hooft coupling. The first divergent term is just twice the isolated quark 
source mass, so the second finite term is the predicted interaction energy between quark 
and antiquark. 

4 Superparticle in A(iS'5X/S'^: light-cone Hamiltonian 

Before discussing superstring it is instructive to consider first a superparticle in AdS^ x S^ 
space. The covariant /t-symmetric action for a superparticle in AdS^ x S^ can be obtained 
from the superstring action of [4] by taking the zero slope limit a' -^ 0. By applying the 
light-cone gauge fixing procedure described here one could then obtain the superparticle 
light-cone gauge fixed action. One the other hand, there is a method [45] which reduces 
the problem of finding a new (light-cone gauge) dynamical system to the problem of 
finding a new solution of the commutation relations of the defining symmetry algebra 
(in our case psu{2, 2|4) superalgebra). This method was applied to the AdS superparticle 
case in [36]. In the notation of the present paper the quantum (operator-ordered) light- 
cone Hamiltonian [H = —V~) for the superparticle found there has the following form 

V- = -^(vl + e'^Ue'^U + e^'''A), (4.1) 

Zp 
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A = X--^, X = rf + {p-^rf - 2)2 + Ap-^r^.r^ri^ , (4.2) 

where 1]"^ = ri'^rji and /*j is the angular momentum operator of the su{4) algebra (for details 
see [36]). The V± = {V,V) and 11 are the bosonic conjugate momentum operators as in 
(2.7). The odd part of the phase space is represented by ^*, ?7* considered as fermionic 
coordinates and 9i, rji considered as fermionic momenta. Note that the Hamiltonian 
does not depend on the fermionic variables 6^ and 6i (present in the light-cone gauge 
formulation of 4-dimensional A/" = 4 SYM theory [43]) but they will appear in the phase 
space Lagrangian as 9''9i + 6i6\ 

The canonical operator commutation relations are^° 

[P,x] = -i, [P,x] = -i, [n,0] = -i, (4.3) 

{^^^.} = ^^' K,^.} = ^^- (4-4) 

The operator A is equal to zero only for massless representations which are irreducible 
representations of the conformal algebra [42, 46] (so(5, 2) in the case of AdS^ space). The 
important property of the operator X (4.2) is that its eigenvalues are equal to squares 
of integers for all states of type IIB supergravity compactified on S^ . This fact plays 
an important role in formulating the AdS/CFT correspondence for chiral primary states 
[36]. The relation (4.2) then implies that the operator A is never equal to zero and 
thus the scalar fields [47] as well as all other modes [36] of S^ compactified type IIB 
supergravity have equations of motion which are not conformally invariant. We expect 
that this property of the operator X should have a string-theory analog. 

The light-cone gauge phase space Lagrangian for the superparticle in AdS^j x S^ is 
obtained from the Hamiltonian (4.1) in the usual way 

C = V^x^ + n0 + Vmu"^ + '-P^{e'0^ + r]\ + 0^0' + VrV') + V' . (4.5) 

u^ is a unit 6-d vector used to parametrize S^. Note that here (and in the string case) we 
treat x~ , V^ = p~^ separately from the rest of the phase space variables; p"*" is conserved, 
while x~ satisfies the equation 

X- = —V- . (4.6) 

p+ 

5 Light-cone Hamiltonian approach to superstring 

in AdS5 X S^ 

5.1 Review of /v- symmetry gauge fixed action 

Let us first recall the form of the superstring action in the K-symmetry light-cone gauge 
[11]. It is formulated in terms of 10 bosonic coordinates {x^,x,x;(f),y^) {y^ are 5 inde- 
pendent coordinates of S^) and 16 fermionic coordinates {6^,6i,'r]'^,'r]i) which transform 

^°Note that in the rest of the paper the brackets will stand for the classical Poisson brackets, and 
thus there will be no i's in similar relations. 
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in the fundamental representations of SU{4). The Lagrangian (equivalent to the one in 
(1.3)) is given by the sum of the "kinetic" and "Wess-Zumino" terms (see Appendices 
A and B for notation) 



^ ^kin ~r ^ 



kin -T t-WZ 



r 11, 

Am = -^g^''[e^'^{d^x^dux'' + d^xd^x) + -d^cpd^cp + -G^Biy)D^y^D^y'' 

- '-V99^''e"^d^x+[e%e, + e,dj' + r^^O^r], + r],d,7]' + ie^^ d,x^ {ri^f] , (5.1) 

Cwz = e^'''e^%x+7]'C^^{d,e^ - iv^eV^.a;) + h.c. , (5.2) 

where 

D^y" = d^y^ - 2ir],{V-'y,r]^e''%x+ . (5.3) 

Here G^^ and {V'^Yj are the metric tensor and the Killing vectors of S^ respectively, i.e. 
this Lagrangian corresponds to the following parametrization of the metric of AdS^ x S^ 

ds^ = e^^dx^dx" + d<P^ + G^sdy-^dy'' . (5.4) 

This form of the superstring action (which we shall call "intermediate" ) is most conve- 
nient for deriving other forms which differ by the way one chooses the bosonic coordinates 
that parametrize AdS^ x 5*^ (see [11] and Appendices B and C). 

Another useful form is found by using a 6-d unit vector u^ to parametrize S*^, i.e. 
by replacing (5.4) by 



ds^ = e^'^dx'^dx'' + d(j)^ + du^du^ , 
Then (5.1), (5. 2) are replaced by 



«^^«^ = 1 



(5.5) 



C 



kin 



^g^' e'^d^x^d.x- + d^xd.x) + -d, 



fj.f'-'i/'i 



'-D^u^'D^u'' 



^g^^e^'^d^x+le'd.e, + e,dj' + r^^d.r^, + r,,d,r^' + \^^d,x-^{rf)' 



^HU 



^"^d„ 



^+„i„M„M 



l^wz = e^-e--0^x'r]yr:u' 



{dj^ - iV2e*r]^d^x) + h.c. 



where 



D.u'' - ., 



d,u''-2ir],{R^y,r]^e'%x^ 



M-^ 5 



R 



M 



-tpMN^N 



(5.6) 

(5.7) 
(5.8) 



The parametrization using u^ is the most convenient one for the discussion of the super- 
particle in AdS^ X S^ [36,48], and is well-suited for the harmonic decomposition of the 
light-cone superfield of type IIB supergravity into the Kaluza-Klein modes [36]. Other 
forms of the superstring action using 4-|-6 Cartesian coordinates for AdS^ x S^ (see 
(1.3) and Appendix C) are directly related to (5. 6), (5. 7) by a coordinate transformation 
[Y^ = e'^u^, \Y\ =6-^). 
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The superstring Lagrangian (5.1), (5. 2) and all of its other forms mentioned above 
can be represented in the following way 

£ = £i + £2 + A , (5.9) 

where the three parts are 

Ci = -h^'d.x+d.x- + d,x^A>^ + ^^h^^'d.x-^d.x-^B - h^^'^g^.D^y^D^y" , (5.10) 

£2 = -h'^^'d^x^d^x^ + d^x^C^ , (5.11) 

A = -hf'''e-^%<pd,<P + T . (5.12) 

Here x^ = {x, x) , 

g^, = e-'^G^rs , D,y^ = d,y^ + F^d,x+ , (5.13) 

and h^^ is defined as in (2.5), i.e. 

h^'"' = ^/gg^^e^^ , /i°°/i" - (/i^^)' = -e'^ . (5.14) 

The decomposition (5.9) is made so that the functions A'^, B, C^'^^ F-^ depend on (i) 
the anticommuting coordinates and their derivatives with respect to both worldsheet 
coordinates r and a, and (ii) the bosonic coordinates and their derivatives with respect 
to the world sheet spatial coordinate a only. The reason for this decomposition is that we 
shall use the phase space description with respect to the bosonic coordinates only, i.e. we 
shall not make the Legendre transformation with respect to the fermionic coordinates. 

In the case of the "intermediate" form of the action (5.1), (5. 2) these functions take 
the following form 

A^" = -^h^'^ie'dj, + 7]'d^r]i) + e^'^e^'f'rfCUe^ - iv^eV'i) + h.c. , (5.15) 

2 ■' 



B = e'^ir^r , 






(5.16) 


C^^ = iV2e^^e2^i+r/^Cgr7^' , 


(Ji^X ^ 


-- (C^")t , 


(5.17) 


F^ = -2ie^^7]i{y^Yj7]^ , 






(5.18) 


T = -e^'t'x+'q'CU' + h.c. . 






(5.19) 



5.2 Phase space Lagrangian 

Computing the canonical momenta for the bosonic coordinates 
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we get 



n 






(5.21) 
(5.22) 
(5.23) 
(5.24) 
(5.25) 



where V^ = Pzp, V"^ = g'^^Vn- By applying the same procedure as in the bosonic case 
we find then the following phase space Lagrangian C = Ci + C2 + C^ (cf. (2.7)) 



C^ = v^x- +V-X+ + Vj,y^ + —^\2V^V- + 2e^^x-^x 



+ g^^VjTs + e^^g_,^D,y^D,y'' + (P+^ - e^^i+^)5 - 2F^P^P 

h^^ 1 

+ T7^(^^^" + ^"^^ + ^-4?/^) - T7^(^^ + /^°'^+)^° + x-^A^ , (5.26) 

A = V^x^ + ^{V-C')l + e*'''xl) + -^^{V-C')^x^ + x^Ci, (5.27) 



£.. 



1 ^ /i°^ ^ 



Next, we impose the hght-cone gauge 



X = T . 



V+ =p-^ 



(5.2^ 



(5.29) 



Using these gauge conditions in the action and integrating over V we get the expression 
for h^^ 



h 



00 



-p . 



(5.30) 



Inserting this into (5.26), (5.27) (5.28) we get the following general form of the phase 
space light-cone Lagrangian 



Ci = v^r 



1 



2p^ 



■A^'.B , ^+2 , 



g-'^V^V^ + e'^^g^^rf + P^'B - 2p+F-'V 



p+ 



(p+i- + p^^-^) + ^0 



C2 



P±i± - A(^i + e'^ii) - ^Pxix , 



2p^ 



P 



+ 



n0 - ^e2^(n2 + 02) - ^n0 . 

2p+ p+ 



(5.31) 
(5.32) 
(5.33) 
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In deriving these expressions we used the fact the functions C^-*-, T given in (5. 17), (5. 19) 
are equal to zero in the light-cone gauge (5.29). This general form of the phase space 
Lagrangian can be used to derive explicit forms of Lagrangians corresponding to differ- 
ent choices of bosonic coordinates: one needs only to insert the appropriate functions 
A^, B, and F-^. For the "intermediate" case (5.1), (5. 2) these functions are given by 
(5.15), (5. 16), (5.18) so that we get 



C = r±x^ + U<P + V^y^ + -p+{9'9, + r]\ + 9i9' + r]4 



2p^ 



Vl + e"^xl + e^^n^ + 02 + /^ 2 ^ G^Ht/^y" + p^\rff + Vr/./^^') 



+ e^^7]'Cf^{9^ - iV2eV^) + e^^7],Cij{9j + iv^e^r^^x) 



p+ 



'p+x~ + v^x^ + n0 + v^r + '^P^{0% + v\ + 0^9' + mt^ 



(5.34) 



Here C^ = — (C,^)*, and we introduced the notation 



r^. ^ -.{v-'y.v^ , 



and used the relation 



G^^'V^Vn = I' 



7« 2 — /J ]j 



(5.35) 



(5.36) 



By applying the coordinate transformation the above Lagrangian can be rewritten in the 
form corresponding to the case (5. 6), (5. 7) in which the S^ part is parametrized by the 
unit 6-d vector u^ 



C = V^x^ + U<P + Vmu'' + -p^{9% + r]% + 9i9' + 7],fj' 



Vl + e^<^ii + e^^n^ + 02 ^ /^2 ^ ^M^M ^ p+2(^2)2 ^ 4^+^^^ 



2p^ 



'^vK 



+ e^*i]%{9^ - iV2e''' rfx) + e^%y'^{9j + iV2e'^rijx) 



p^ 



P+x~+V±x^ + U(P + Vmu'' + -p+{9'9, + r]\ + 9,9' + r],ri') , (5.37) 



where Vm is the canonical momentum for u^ and (see Appendix B) 

y^j ^ P^"" = Cf, , y'^ ^ {p'^Tu'' = C}j , (5.38) 

(5.39) 



,Mt>m 



Taking into account the constraint u'^V'^ = (see (5.59)) we get I'kl j = jV^V^6'j. 
The above Lagrangian gives the Hamiltonian 
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H = -P- , P- = I daV- , (5.40) 

where the Hamiltonian density V" is 



V- 



1 



Vl + e^^xl + e^^n^ + 02 ^ /7 + {,M^M ^ ^+2^^2)2 ^ 4p+^^/^^.^.) 



2p^ 

+ e2Vl/ii(^'-''-iV2eV^) + e^'''7]iy'\9j + iy/2e^T]jx) . (5.41) 

It should be supplemented by the constraint 



p+i" + Pxi± + n0 + Pmm*^ + ]^v'^{o'e, + 77^77^ + e,e' + 77^77*) = . (5.42) 

As usual, this constraint allows one to express the non-zero modes of the bosonic coor- 
dinate x~ in terms of the transverse physical ones. 

It is easy to see that in the particle theory limit the superstring Hamiltonian (5.41) 
reduces to the superparticle one in (4.1). The latter was found in [36] by applying the 
direct method of constructing relativistic dynamics [45] based on the symmetry algebra. ^^ 
The present discussion thus provides a self-contained derivation of the light-cone gauge 
superparticle action from the covariant one. 

5.3 Equations of motion 

The equations of motion corresponding to the phase space superstring Lagrangian (5.37) 
take the following form 

1 1 - . e^'t' 

X = —V, x = —V, = — n, (5.43) 

p+ p+ p+ 

V = \d^{e^'l>x) - iV2d^{e^%y''r]j) , (5.44) 

V = ^d^{e^'f'x) + iV2d^{e^'^v\jV') , (5.45) 



n = i^9.(e2<^0)- 2 4<^i2^-^(n2 + 02 + ^.2^^M^M^p+2(^2)2^4^+^^^.^.^: 



.20 
p-i- ■ ' p-r -~ p^ '^ ■" ... - . 1 

+ e^^7ty,j{2e^ - 3iV2e'^r]^x) + e^%y'^{2ej + 3iV2e^r7ji) , (5.46) 



'.M 



e 



2<j) 



p+ 



^^Strictly speaking, the string Hamiltonian (5.41) reduces to (4.1) modulo terms proportional to 77^ 
and some constant. This difference is related to the fact that here we are considering the classical string 
Hamiltonian, i.e. ignore operator ordering, while the particle Hamiltonian (4.1) is defined in terms of 
quantum operators. 
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V 



M 



-u 

p 



M-pN-pN ^ _L^MNg^^^2^^N^ _ le^-P^^^pMNy jj, 



N 



+ e^'*'v^''7]'pU0' - iV2e^r]^x) + e^'i'v^^'r^^ip^fiOj + iV2e%x) 






Vi 



o24> 



,20 



2i 

p-\ 



1 



7]jX} 



p+ 



Here we defined 



^MN ^^MN _^M^N ^ 



(5.48) 
(5.49) 
(5.50) 

(5.51) 

(5.52) 

(5.53) 



and, as previously, do not distinguish between the upper and lower indices M, A^, i.e. use 
the convention Vm = V^ . These equations can be written in the Hamiltonian form. In- 
troducing the notation X for the phase space variables (V±, x±, U, 0, V^ , u^ , 6\ 9i, ri\ rji) 
one has the Hamiltonian equations 

X = [X,V-], (5.54) 

where the phase space variables satisfy the (classical) Poisson-Dirac brackets 

[ Via),xia') ] = 5ia, a') , [ P(a), x(a') ] = 5(a, a') , [ n(a), 0(a') ] = 5(a, a') , (5.55) 

[P^(a), M^(a')] = t;^^(5(a, a') , [P^(a), P^(a')] = (u^V' - M^P^)(5(a, a') , 

(5.56) 

{9,ia),9^ia')} = ^5l5{a,a') , {m{cr),vK^')} = ^m^,^') , (5-57) 



k-,^i 



1 



■e\ [xo-,^j 



-di , [Xq , if] 



1 



-^ > Fo , r]i\ 



-m , (5.58) 



2p+ ' ^ " ' '^ 2p+ " ^ " ' ' ^ 2p+ " ' "' "' 2p^ 

where a;(^ is the zero mode of x~ . All the remaining brackets are equal to zero (with ex- 
ception of [p+, Xq] = 1). The structure of (5.56) reflects the fact that in the Hamiltonian 
formulation the constraint u^^u^^ = 1 should be supplemented by the constraint 

These are second class constraints and the Dirac procedure leads then to the classical 
Poisson-Dirac brackets (5.56). To derive (5. 57), (5. 58) one is to take into account that 
the Lagrangian (5.37) has the following second class constraints 



9' + ^P^O, = , 



+ ^P^O' = , 



(5.60) 



where pgz, pg^ are the canonical momenta of fermionic coordinates. The same constraints 
are found for the fermionic coordinates rj^, rji. Starting with the Poisson brackets 
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W, 0^}p.B. = ^i , {m, ^j}p.s. = S] , [P^, Xq ]^3 = 1 , (5.61) 

one gets then the Poisson-Dirac brackets given in (5. 57), (5. 58). 

5.4 Light-cone Hamiltonian for superstring in AdS^ x S^ 

Finally, let us note that our results for the AdS^ x S^ string can be generalized in a 
rather straightforward way to the case of superstring in AdS^ x S^ space with RR 3- 
form background (for the corresponding covariant GS action see [49]). Our light-cone 
gauge action is written in the form which allows a straightforward generalization to the 
AdSs X S^ case: one is just to do a dimensional reduction. 

To get the Lagrangian and Hamiltonian V~ in AdS^ x S^ case we are to set x± = 
0, V± = in (5.37), (5.41). Now instead of s-u(4) ~ so(6) we have so(4) which is 
decomposed into su{2) and su{2). The fermionic variables rj and 6 are now transforming 
in the fundamental representation of SU{2) and SU{2) respectively (i.e. the indices i, j 
now take values 1,2). The charge conjugation matrix C[a is now given by C = ca2, 
\c\ = 1. 

The AdS^ x S^ superstring Lagrangian then takes the form 

£ = U^ + VMu'^+'-p^{e% + v\ + 0^e' + r]^r]')+'P- (5.62) 

_ p+i- +U(I) + Vmu'^ + -p''{0% + V% + Oie' + ri,ri') . (5.63) 

The (minus) Hamiltonian density is given by (cf. (2.18)) 



=20 , 



v~ = 

2p+ 

where 



H^ + 0^ + 2r' + u'^^'u'"' +p-^\v) + ^p-^nd'^v' + e"^iv'y^,0' + h.c.) , (5.64) 



=20r^^ 



y^^ = C:.(^^)^«^ , ^"^ = i^\ ^^ ^', -il) ■ (5.65) 

and M,N = 1,2,3,4. The expression for orbital part of SU{2) generators /*j takes the 
form 

/V = L^a'^Ny^^M^N ^ (^a^Ny, ^ ^L^^My^^-N^k , _ ^^ ^ N) , (5.66) 

where a^ = (a^ a^, cr^, il). Note that in this case one has the relation 2/*^ = p^p^ ^ 
and this explains the factor of 2 in front of Z*^ in (5.64). The variation over h^^ gives the 
constraint 

p+i- + H0 + Vmu^ + ^P^{9% + r]% + 6,6' + r]4) = . (5.67) 

An interesting feature of the Hamiltonian (5.64) is that e^*^ factors out (cf. (5.41)). Note 
also that the dependence on matrix C^'- can be eliminated by the redefinition of the 
fermionic coordinates rji — > C^jT]^. 



6 Noether charges as generators of supersymmetry 
algebra psu{2, 2|4) 

The Noether charges play an important role in the analysis of the symmetries of dy- 
namical systems. The choice of the light-cone gauge spoils manifest global symmetries, 
and in order to demonstrate that these global invariances are still present one needs to 
find the Noether charges which generate them.'^^ These charges play a crucial role in 
formulating superstring field theory in the light-cone gauge (see [50,51]).^^ 

The Noether charges for a superparticle in AdS^ x S^ were found in [36]. These 
charges are helpful in establishing a correspondence between the bulk fields of type JIB 
supergravity and the chiral primary operators of the boundary theory in a manifestly 
supersymmetric way. Superstring Noether charges should thus be useful for the study 
of the AdS/CFT correspondence at the full string-theory level. 

In the light-cone formalism the generators (charges) of the basic psu{2, 2|4) superal- 
gebra can be split into two groups: 

P+, P, P, J+^ J+^ K+, K, K, Q+\ Qt, S+\ S+, D, J+-, r' , (6.1) 

which we shall refer to as kinematic generators, and 

P-, J-^ , J-^ K- , Q-\ Q-, S~\ S- , (6.2) 

which we shall refer to as dynamical generators (see also [11]). The kinematic generators 
have positive or zero J^ charges, while dynamical generators have negative J^ charges. 
For x"*" = the kinematic generators in the superfield realization are quadratic in the 
physical string fields (i.e. they have the structure J = Ji + x+ J2 + x+^Js where Ji is 
quadratic but J2, J3 contain higher order terms in second-quantized fields), while the 
dynamical generators receive higher-order interaction-dependent corrections. The first 
step in the construction of superstring field theory is to find a free (quadratic) superfield 
representation of the generators of the psu{2, 2|4) superalgebra. The charges we obtain 
below can be used to obtain (after quantization) these free superstring field charges. 

6.1 Currents for /1:- symmetry light-cone gauge fixed superstring 
action 

As usual, symmetry generating charges can be obtained from conserved currents. Since 
currents themselves may be helpful in some applications, we shall first derive them 
starting with the /t-symmetry gauge fixed Lagrangian in the form given in (5. 6), (5. 7). 

^^In what follows "currents" and "charges" will mean both bosonic and fcrmionic ones, i.e. will 
include supercurrcnts and supercharges. 

^■^Let us note in passing that the development of the light-cone string field theory approach in the 
case of the AdS^ x S^ background may be useful in the context of AdS/CFT correspondence. One 
striking feature of the light-cone closed superstring field theory actions in the flat space case is that 
their interaction part contains only cubic vertices. Same may happen to be true also in the case of the 
AdS^ X S^ background, and that may have important implications for establishing correspondence with 
the SYM theory in the light-cone gauge framework. 
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To obtain the currents we shall use the standard Noether method (see, e.g., [52]) based 
on the localization of the parameters of the associated global transformations. Let e be 
a parameter of some global transformation which leaves the action invariant. Replacing 
it by a function of worldsheet coordinates r, a, the variation of the action takes the form 

6S= fd^ag^'df.e, (6.3) 

where Q^ is the corresponding current. Making use of this formula, we shall find below 
those currents which are related to symmetries that do not involve compensating k,- 
symmetry transformation. The remaining currents will be found in the next subsection 
starting from the action (5.37) where both the ^-symmetry and the bosonic light-cone 
gauges are fixed. 

Let us start with the translation invariance Sx"' = e"'. Applying (6.3) to the La- 
grangian (5. 6), (5. 7) gives the translation currents 

P+^ = -^g^"'e^'^d^x+ , (6.4) 

p^ = -^g^^'e^'^d^x - iV2e^'^e^"'r],y'^r]jd^.x+ , (6.5) 

V^ = -^g^^e^'f'd^x + iV2e^'^e^"'r]%jr]^d^x+ , (6.6) 

V-^" = -^g^"'(^e^'^d^.x- + F^D^u^) 

- \V99^''e^\0'd,9, + 9,8,9' + r^'O^r], + r^'O^r]' + 2i^'^ d,x^ {ri^f) 
+ t''''e^^rfyij{d^9^ - iv^eV'S^x) + ef"'e^'^r]iy'^{djj + iV2e%d,x) , (6.7) 
where 

pM^-^^^pMNy^^j^2<^^N^ (6.8) 

Invariance of the action (5. 6), (5. 7) with respect to rotations in {x~,x) and {x~,x) planes 

6x = tjX'^ , 6x~' = —tjX , 6x = ejX~^ , 6x~ = —ejX, (6.9) 

gives the following conserved currents 

J+^ = -y^^'^^e2'^(a;+9^x - xd,x+) - ix+e^"'e^'^d,x+7]iy'^7]j , (6.10) 

J+^ = -v/^/"e''^(x+9,a; - xd,x+) + ix+e^'e^'^S^x+r^^y.^r^^' . (6.11) 

Making use of (6.4)-(6.6) we get 

Some of the remaining bosonic currents can be expressed in terms of supercurrents. The 
invariance with respect to the super-transformations 

S9' = e' , S9i = ei , fe" = --e'9i - -ei9' , (6.13) 

gives the following supercurrents 
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Q+i^ = -^gi"'e^'^e'd,,x+ - ie^"'e^'f'y'^r]jd^x+ , (6.14) 

Q+t" = -^g^''e^'^eid^x+ - ie^''e^'^yijr]^d^x+ . (6.15) 

The invariance of the action (5. 6), (5. 7) with respect to the rotation of (super) coordinates 
in the {x~^,x~) plane 

Sx^ = e^'x^, S{e\e,,r]\r],)=e-'/\9\e,,r]\r],) , (6.16) 

gives the following conserved current 



J^-^" = -^g^"'e^'^{x+d^x~ -x-d^ 



X 



- '-^g^''e^'^x+{e'dj, + e^e' + r]%7], + r]'d,r]' + 2ie^^ d,x+ {'q^f 
+ x+e^"'e^^7]'yij{d^6^ - iy/2e'*'r]^d^x) + x^e^"'e^'t'r],y'^{d^ej + \V2e'^r]jd^x) 

- ^e^'e^^d^x+v^y^.e^ - \e^'''e^''d,x+7],y'^d, . (6.17) 
This current can be represented in terms of the translation currents as follows 

j+~f^ = x+V" - x-V^^ + ^9'Qt'' + ^e.Q-^"' . (6.18) 

The invariance with respect to the rotation of (super) coordinates in {x, x) plane 



6x = e'^x , 6x = e '"x , 66'' = e^O^ 69i = e -^ 9i , 5rf = e ^rf , (5?7j = e 2 77, , 
leads to the following conserved current 



^,,^ = -^g^^^e^\xd,x - xd^x) + '-^g^^'d^x+iO'e, - r]\) 

- -e^"'e^'''d^x+7]%j{e^ - i2V2r]^x) + -e^"'e^'''d^.x+7]iy'^{ej + i2V2r]jx) (,6.19) 
which can be rewritten in terms of translation currents as follows 

jxxf. ^ ^pf^ _ -pM _ ^e'Qi" + UiQ^'^ + Ue'Bi + ri'^i)V^^ (6.20) 

Zi Zi Zj 

The invariance with respect to the dilatations 

bx"" = e^x" , 50 = -e , S{e\ e, , v\ V^) = e''\0\ 9, , r]\ r/,) , (6.21) 

leads to the dilatation current 
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V^" = -v/^^^^(e2V(9^a;" + F^D^M^-9^(/ 



- '-y^g^''e^'f'x+{e'd,e, + 6^6' + r]%r], + r]'d,r]' + 2ie^^ d,x^ {'q^f 

- — e^'''d^x^T]'yij{d^ - i2V2e^rfx) e^'^d^x+r]iy'^{9j + i2V2e^r],jx) . (6.22) 

This current can be rewritten as 

V^" = x^V^ + v^^^^9^0 - \0'Qt'' - ^OiQ^'^ . (6.23) 

The invariance with respect to the SU{A) rotations (e*j = 0) 



dy'^ = e\y'^ + e^,/ , i.e. bu^ = --e^^ip^^y.u'^ , (6.24) 



1 

— ( 
2 



59' = e'^9^, 5d, = -e,eh, H = ^',v', % = -r^.e^', , (6.25) 

gives the following SU{4) current 



- ie'^-'e^^d^x+ie^y^iT]' - \5]e^yuv') + ie^^" e^"^ d,x+ {9 ,y\ - ^6}eky%) . (6.26) 

6.2 Charges for bosonic and /^-symmetry light-cone gauge fixed 
superstring action 

In the previous section we have found (super) currents starting with the K-symmetry light- 
cone gauge fixed action given in (5. 6), (5. 7). These currents can be used to find currents 
for the action where both the fermionic /t-symmetry and the bosonic reparametrization 
symmetry are fixed by the light-cone type gauges (5.37). To find the components of 
currents in the world-sheet time direction ^° one needs to use the relations (5.2I)-(5.25) 
for the canonical momenta and to insert the light-cone gauge conditions (5.29) and (5.30) 
into the expressions for the currents given in the previous subsection. The charges are 
then given by 



G=fdag\ (6.27) 



Let us start with the kinematic generators (charges) (6.1). The results for the currents 
imply the following representations for some of them 

P= Iv, P=lv, P+=p+, (6.28) 
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j+x ^ / ^+p _ ^p+ ^ j+^ = x+V - xp+ , (6.29) 

Q+^=[p+e\ Qi=fp+e,. (6.30) 



Note that these charges depend only on the zero modes of string coordinates. In (6.28)- 
(6.30) the integrands are ^° parts of the corresponding currents in world-sheet time 
direction: P^, P^, JT""*"^*^, J^^^^, Q"*"**^, Qf^ and V~^^ = p^ . The components of currents 
in the world-sheet spatial direction Q^ can be found simply by using the conservation 
laws, the expressions for Q^ and the equations of motion (5.43)-(5.52). In this way we 
obtain 



V^ = -^e^^x + iy^e^^y'^m , V^ = -^e^^x - iV2e^^ r]'yiir]^ , (6.31) 

p+ ' p+ 

j^.1 ^ ^+pi ^ ^+.1 ^ ^H-pi ^ g+.i ^ 1-e'fy'^r^, , Qj^ = -^e"^y.,v' ■ 

(6.32) 
The remaining kinematic charges depend on non-zero string modes and are given by 



r^ = I xV-xV- ^p+e^ + ^p+T]^ , (6.33) 

j'j = J r, + p-^e^e^ + p+'q^ - ^5]p+{e^ + rf) , (6.34) 



J+" = / x+V - x-p+ , (6.35) 

D = f x+V- +x-p+ + xV + xV -U . (6.36) 

The derivation of the remaining charges can be found in Appendix D. The expressions 
for the conformal supercharges are given by 

St = 5+U+=o - ix+Q- , S+^ = 5+^U+=o + -^x+Q-' , (6.37) 

where the x'^ = parts (cf. (D.3)) are given by 

StU+=o = J 4f e"V^. + ^P''0^x , S+%+=o = J 4f e~V^* - ^P^O'x . (6.38) 
The Poincare supercharges Q~\ Q~ are 

gr = / ^^^ + 7f O^^n - p+r]\ + 2(r7/). + y^,{e^ - iV2eVi)) , (6.39) 
Q-i = fpe' + ^(^_ir^*n - p+r^V + 2(/r7)^ - y'^iOj + iV2e%x)) , (6.40) 
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where 

(77/), = r],P, , {Ir^y = r,r,^ . (6.41) 

The conformal boost charges can be represented as follows (see Appendix D) 

ir+ = ir+U+=o + x^{D + J+-)U+=o + x+^P- , (6.42) 

K = K\^+=o-x+J-\ (6.43) 

where the parts that do not depend on a;"*" are 

K+U+=o = J -^(e"'*^ + 2a:x)p+ , (6.44) 

KU+=o = J -\e-^^V + x{x-p+ + xP - n + '-p+e^ + ^p+r^^) - ^^5+°U+=o , (6.45) 



Here the densities of conformal supercharges iSj^'^|x+=05 '5"''*'^|a,+=o are given by the inte- 
grands in (6.38). 

Note that the G\x+=o parts of the kinematic charges can be obtained from the su- 
perparticle ones simply by replacing the particle coordinates by the string ones. The 
remaining dynamical generators J~^ ., J~^, S^\ S^ , K'^ can be found by using the ex- 
pression found above and applying the commutation relations of ps-u(2, 2|4) superalgebra. 

The structure of the ps-u(2,2|4) generators we have presented in this section is, of 
course, more complicated than found in the flat space case. But still there are some inter- 
esting simplifications which have an algebraic origin. A remarkable feature of ps-u(2, 2|4) 
as compared to the Poincare superalgebra is that in order to find all of its dynamical 
generators it is sufficient to know only the kinematic ones (6.1) and the Hamiltonian P~ 
(5.40): the dynamical generators are obtained using commutation relations between the 
kinematic generators and the Hamiltonian P~ . 
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Appendix A Notation 

In the main part of the paper we use the following conventions for the indices: 

a,b,c = 0, . . . ,3 boundary Minkowski space indices 

A,B,C = 1, . . . ,5 S^ coordinate space indices 

A',B',C' = 1, . . . ,5 so(5) vector indices (S*^ tangent space indices) 

M, N,K,L = 1, . . . ,6 so(6) vector indices 

i,j,k,l = 1, . . . , 4 s-u(4) vector indices 

/i, z/ = 0, 1 world sheet coordinate indices 

We decompose x"" into the light-cone and 2 complex coordinates: x" = {x^,x~,x,x) 

x^ = — (x^±a:°), x,x = ^{x^±ix^). (A.l) 

We suppress the flat space metric tensor rjab = (—,+,+,+) in scalar products, i.e. 
A^'B^ = riabA'^BK The 50(3,1) vector A"" is decomposed as A"" = {A+ , A' , A^ , A^) so 
that the scalar product is 

A^B" = A+B- + A-B+ + AB + AB, (A.2) 

where we use the convention 

We use the notation x^ to represent (x, x) with the following summation rule 

x'^z^ = xz + xz . (A. 4) 

The derivatives with respect to the world-sheet coordinates (r, a) are 

X ^ OfX , X = OfjX ( iV.O ) 

The world-sheet Levi-Civita e'^'^ is defined with e"^ = 1. 

ij 



The six matrices pff represent the 5*0(6) Dirac matrices 7*^ in the chiral represen- 



tation. I.e. 

[P ) Pi'j + (P ) Pij = 2o bj , Pij- = -pj-i , (p ) ^ = -[pij ) ■ (A. 7) 

The 5*0(5) Dirac and charge conjugation matrices can be expressed in terms of the p^ 
matrices as follows 

(7^')^ = Kp^'YpI , q, = P?, • (A.8) 



The p^ matrices satisfy the identities 
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2 
The matrices p^^ are defined by 



p? = \^^,M{p''r , pf^iP^'T = ms^ - m) ■ (A-9) 



(p^^r. = i(p^)X-(M-iv), (A.io) 

so that 

(p^'^)',(p^^)^ = 25i5f - S6\6^^ . (A. 11) 

We use the following hermitian conjugation rule for the fermionic coordinates 

6\ = e\ v\ = v\ (A.12) 

and the following notation for their squares 

6^ = 6^6,, v' = v\- (A.13) 

Appendix B Relation between different 

parametrizations of S^ 

In the superstring Lagrangian in (5. 2), (5. 2) we use the 5 independent S^ coordinates y^ 
in terms of which the 5-sphere interval, metric tensor and vielbein are given by 

dsls = d\y\'^ + sm'^\y\dsl4 , dsli = dn-^dn-^ , n^n^ = 1 , (B.l) 

G^rs = ef ef , ef = ^(^f - n_,n^') + n^n^' , (B.2) 



Gab = 112 {Sab - n^riB) + n^ng , n"^ = — , \y\ = JyA'yA\ (33) 

\y\ \y\ 

We use the convention y^ = 6-^,y^ and the same for n^ . The 5*^ Killing vectors V^ 
and V^^ corresponding to the five translations and ten 5*0(5) rotations respectively 
are given by 



V 



y|cot|y|(5^^-n^n^)+n^n-^ dyA , (B.4) 



They can be collected into the SU{4) combination 

The commutation relations of so(6) algebra then include 

[V^\ yB'] ^ _yA'B' ^ ^yA'^ yB'C'^ ^ ^A'B'yC _ ^A'C'^B' _ (B_7) 
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The matrix C^^ in the WZ part of the action (5.2) is given by 

eg = C;. cos \y\ + i(CV').,^^' sin \y\ . (B.8) 

This matrix is related to the standard charge conjugation matrix C^'- (which has the 
properties: C^ = —C, (C'7^ )'^ = — C'7^ , C'^C = 1) via a y-dependent unitarity 
transformation C^^ = U^iCj^iU^ j (the exphcit form of the matrix U{y) is given in eq. 
(5.21) in [11]). 

To transform the superstring Lagrangian from the form (5.1), (5.2) into the one in 
(5. 6), (5. 7) we define the six-dimensional unit vector u^ 

■u^ = cos||/|, u =sin||/|n , (B.9) 

and use (A. 8), (B.3)-(B.6) which imply the following relations 

G^s{riV^v){vV''v) = Wvf , G^s{riV^v)dy' = {vR^v)du'' , (B.IO) 

where the SU{A) rotation matrix R^ is given by 

(i?^)^ = -^(p^^)>^. (B.ll) 

Note that {R^YjVm satisfies the commutation relations of the su{4) algebra, i.e. plays 
the role of the angular momentum operator /* ■. 

To relate the WZ parts of the Lagrangians (5.2) and (5.7) we use of the representation 
for the 5*0(5) Dirac and C matrices given in (A. 8) and thus find that [11] 

C^g = P.?«^ (B.12) 

which implies the desired transformation of the WZ parts of the actions. 

It is often useful to replace the unit six dimensional vector u'^ by the self dual SU{4) 
tensor yij (or its inverse ?/*■') defined by 

y^, = pf^u^ , f^ ^ {p'^fu'' , y%, = 5] . (B. 13) 

The relations (A. 9) for the p^ matrices imply that 

1 

Vij = ^(^ijkiy^^ , Vij = -y'^ , Vij = -Vji ■ (b.14) 

Appendix C Manifestly SU{4:) invariant forms of 

phase space AdS^ x S^ Lagrangian 

The light-cone gauge superstring action of [1 1] can be written in several equivalent forms 
corresponding to different parametrizations of AdS^ x S^ space. The two forms corre- 
sponding to "5-1-5" parametrizations (5.1), (5. 2) and (5. 6), (5. 7) were discussed in Section 
5. Here we shall review the Lagrangians [11] for the two standard "4-1-6" coordinate 
choices and present their phase space counterparts. 
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Choosing the 10 Cartesian coordinates (x", Y^) such that the metric of AdS^ x S^ 
takes the form 



2jvMjvM 



ds' = Y'dx^dx" + Y-'dY''''dY'''' , 



Y = \Y\ = Y Y 



IVH^M 



(c.i: 



one can transform the bosonic coordinates in the "intermediate" form of the superstring 
Lagrangian (5.1), (5. 2) to obtain its "4+6" form [11] 



A-' f^kin ~r f^ 



kin -T l-WZ 



c 



kin 



1, 



-^g^^-\Y\d^x+d,x- + d^xd.x) + -y-^d;y'^d,y' 



-^g^'Y'd.x 



Here 



C-wz = e'''\Y\d^x+r]'pf'jY'^{d,9^ - iV2\Y\r]^d,x) + h.c. . 

1 



MN-i^N 



DY^ = dY^ - 2ir]i{R'^yjr]^Y^dx+ , R^ = --p'^'^'Y 



(C.2) 
(C.3) 

(C.4) 



and the matrices p^^ , p'^'^ were defined in (A. 6), (A. 10). 

It is easy to see that this Lagrangian can be represented in the same form as (5.9). 
Applying the final result for the phase space Lagrangian given in (5.31)-(5.33) we get 



1 



2^ 



C = V±x± + VmY'- + -p ■ {U^Ui + ri^rii 



ViV 



2p^ 



Vl + \Y\^VmVm + lYl'xl + Y'^Y^' + Y\p+\rff + Aip+ r^R'^ r^V ^ 



M 



+ 



\Y\T]'pf.Y^\e^ - iV2\Y\r]^x) + h.c. 



,01 



p-i 



p+x- + V^x^ + VmY^ + -p-^{e% + r]% + 6,6' + 77,77* 



(C.5) 



The closely related choice of 4+6 coordinates is the one which makes explicit the hidden 
spacetime conformal symmetry of AdS^ x S^ geometry, i.e. the one in which the metric 
takes the conformally flat form 



ds' = Z-'idx^dx" + dZ^dZ^) , 



7M 



Y 



M 



y2 



(C.6) 



The superstring Lagrangian expressed in terms of these "conformally fiat" coordinates 
is readily obtained from (C.2), (C.3) [11] 



zM n ryM 



Ckin = -y/^g^'Z-'ld^x+d^x- + d^xd.x + -D^Z'^^'D^Z' 

^g^^'Z'^d^x-^ [6'd,6i + 6id,6' + 77*9,77, + 77,9,77* + iZ-^d,x+{rf) 
Cwz = e^''\Z\-^d^x+'q'pf^Z^{d,6^ - iv^|Z|-i77^'9,a;) + h.c. 



(C.7) 
(C.8) 
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where 

DZ^ = dZ^ - 2ir]i{R'^y,r]^Z-^dx+ , R^ = --p^^Z^ . (C.9) 

This Lagrangian has again the same form as in (5.9)-(5.12), and its phase space coun- 
terpart is thus found from (5.26)-(5.28) 






+ 



2p 

Z\-''r]'pf^Z^{e^ - iV2\Z\-^r]^x) + h.c 

p+ 



p+x' + Pxix + rMZ"" + -p+(^*^i + v% + ^.^' + ^i^')J • (c.io) 



An interesting feature of this Lagrangian is that the squares of the AdS^ and S^ momenta 
enter exactly as in the flat space case. 

Appendix D Conformal supercharges 

In order to find the conformal supercharges supplementing the generators given in Section 
6, one needs to know the contribution of the compensating K-symmetry transformation 
given in [4]. Finding these compensating transformations directly is rather complicated. 
Here we suggest an indirect method based on exploiting the known equations of motion 
given in (5.43)-(5.52) and the commutation relations of the psu{2, 2|4) superalgebra. Let 
us demonstrate this procedure for the case of the conformal supercharges S*"^*. 

In general, the charges depend on the time variables x^ = r explicitly and also 
through the dynamical variables, i.e. G = G{t, X{t)). Because our equations of motion 
(5.43)-(5.52) have a Hamiltonian form (5.54) we can rewrite the conservation law J^ = 
as follows (as in (5.54)-(5.58) here [ , ] stand for the classical Poisson bracket) 

an 
— + |G,P-| = 0, (D,l) 

This determines the explicit dependence on x~^ , namely, 

G,+ =G,+=o + x+[p-,G,+=o] + ^[P-,[P~,G,+=o]] , (D.2) 

where we used the notation 

GU+=o = G{0,X{r)) , (D.3) 

and took into account that the expansion in x^ terminates at (x^)"^ order because the 
psu{2, 2 1 4) superalgebra does not have generators with absolute value of the J^" charge 
higher than 1 (so that triple and higher commutators of P^ with any generator vanish). 
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For example, eq. (D.2) implies that the charges J+^, J+ , D depend on x^ as follows 

J+- = J+"|,+^o + x+P , J+^ = J+"U+=o + x+P , (D-4) 

J+" = J+"|^+=o + a:+P~, D = DU+=o + a;+P". (D.5) 

These expressions match the ones given in (6. 29), (6. 34), (6. 36). We also learn from (D.2) 
and the commutation relations of ps-u(2, 2|4) that the dynamical generators and J*j, J^^ 
do not explicitly depend on a;+ (cf. (6. 33), (6. 34)). 

Let us now turn to the conformal supercharges. From (D.2) and commutation rela- 
tions of psu{2, 2 1 4) we find 

Si = 5+U+=o - ^x+Q; , S+' = 5+t+=o + ^x+Q-' , (D.6) 

Q^\x+=o = Qi , Q~*U+=o = Q~* , (D.7) 

and thus 

[5+U+=o, P-] = iQr > [^+i.+=o, ^1 = -^Q-' ■ (D.8) 

As a result, in order to determine the conformal supercharges S^ we have to find only 
their Sl\x+=o part. In the flat space case this x~^ = part of the kinematic generators 
is obtainable simply from the particle charges by replacing the particle coordinates by 
the ones of the string. The same can be done in the case of AdS space. Here we start 
with the superparticle expressions for the conformal supercharges S^ given in [36] and 
replace the superparticle coordinates by the superstring ones 

5+°U+=o = TTf e~V^. + ^P'^O^x . (D.9) 

Using the analog of (D.6) for the currents 

Sl' = StX^=o-ix+Q7\ (D-10) 

and the conservation law for S^'^ and Qf^ one finds the following expressions for the 
conformal supercurrent S^'^ and the Poincare supercurrent Q~^ 

5+1 = e^%7]^x - ix+ Q-^ , S+'^ = -e^'^y'^r^jx + ix+ QT'^ , (D.ll) 

Qf = V9, + ^ {ir],U - p^r]\ + 2{r]l), + y,,{d' - iv^e^^^i)) , (D.12) 

Qri = e^<t>e^{ x + iV2r]ky''%) + ^i/.,r/^P + ^=— 9.(e^,) + 2v^e^,(/^',)i , (D.13) 
p^ p+ v2p+ 

where 

{r,f ^ -^e^\p''^r,u''u^ . (D.14) 

These relations determine the supercharges. Finally, one can check that these charges 
satisfy the commutation relations of the ps-u(2,2|4) superalgebra. The corresponding 
commutation relations are obtainable from the ones given in Section 3 of [11] by making 
the following substitutions there: J'j -^ -U'j, P" -^ -P", iT" -^ -iT", S -^ -S. 
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